Thin nets are the lines where the grey level function is locally extremum in a given direction. Recently, we have shown that it is possible to characterize the thin nets using di erential properties of the image surface. However, the method failed when these structures present di erent widths. In this paper we show that, the extraction process of the thin nets, having di erent width, requires a multi-scale analysis of the image. To design the fusion process of the multi-scale information, we will study the behavior of the differential properties of the image surface, in particular the curvatures, in scale space. We illustrate the e ciency of the proposed multiscale approach by extracting roads and blood vessels of di erent widths in satellite and medical images.
Introduction
In the elds of image processing, a large amount of research has focused on the broader area of ridge nding and related concepts 1, 2, 3, 4]. This work deals with similar problems as ridges, crest lines and lines detection in 2D grey-level images. Recently in 5, 6] , we have shown that it is possible to characterize thin nets as crest lines of the image surface. The method failed when these structures present di erent widths. In the present paper we will show that the extraction process of the thin nets, having di erent widths, can be achieved by a multi-scale analysis of the image.
In multi-scale analysis, the principal developed methods are classi ed into two classes, the adaptative ltering 7] and the scale-space ltering 8, 9] . Our multi-scale approach takes place in second class. This is a qualitative signal description method that deals gracefully with the problem of scale. The initial signal is treated by di erent size of the smoothing kernel and the responses of the detecteur (extrema or zero-crossings of the smoothed signal and its derivatives) are emerged with a fusion process. To design the fusion process, it is necessary to study the behavior of the detector and also its stability in scale-space. The interval description of the scales is another important task in a multi-scale analysis method. We take care of these di erent stages having the curvature derivative of the signal as detector. It will be shown that the curvature is stable in scale-space verifying the monotonicity condition 10]. We propose an interval description of the scales and also a fusion algorithm, based on the behavior of the curvature in scale-space.
The thin nets applications are for instance, the extraction of roads in satellite images or blood vessels in medical images 11, 5] . We have applied this method on synthetic, satellite and medical images. The quality of the results clearly shows that the application of a multi-scale approach is inevitable. To ensure a good estimation of the partial derivatives of the image, we use an extension to the third order of the recursive lters approximating the Gaussian and its derivatives 12, 4].
The paper is organized as follows. In section 2, the curvature notion of a signal, the stability of the detector in scale-space and also a study of behavior of the curvature for a rectangular ridge model will be discussed. Our multi-scale approach and fusion process are proposed in section 3. In section 4, we develop our multi-scale approach in 2D case. Finally before concluding, the experimental results on synthetic and real images are illustrated.
2 Behavior of the curvature in scale-space
To show the behavior of the curvature of a signal in scale-space, we propose to study different models of the thin nets (ridges) in 1D case. The studied models have two pro le types, rectangular and non-rectangular. The non-rectangular concerns the roof, Gaussian and parabolic pro les. Before studying these pro les, the curvature of a 1D signal and also the stability of the curvature in scale-space will be examined. The curvature expression of a continuous signal I(x) can be computed by K(x) = ?Ixx (1+I 2 x ) 3=2 13], where I x , I xx are the rst and second derivatives of the signal I(x). In the discrete case, the approximation of the curvature is done by estimating the signal derivatives with a derivation lter (for exemple, Gaussian lter g(x; f ) with scale parameter f ). The approximated expression of the curvature can be then represented as K( ) = ? xx (1+ 2 x ) 3=2 , where (x; f ) = I(x) g(x; f ). A multi-scale approach requires to verify the stability of the detector 9]. It guarantees that moving from coarse to ne scale, new responses appear, but existing ones never disappear. It is available if the monotonicity condition 10] is satis ed. We show here that the curvature K( ) of a admissible signal I(x) is stable in scale space. We need to dene a second-order extremum of a four times di erentiable function I : R ! R as a point x 0 2 R such that I 0 (x 0 ) = 0, I 00 (x 0 ) 6 = 0, I 000 (x 0 ) = 0 and I 0000 (x 0 ) 6 = 0. It is shown 10] that, for a given admissible signal I(x), the necessary and su cient conditions for all second-order maxima (respectively minima) of the convolution (x; f ) = I(x) g(x; f ) = R 1 ?1 I(t)g(x?t; f )dt, to increase (respectively decrease) monotonically as f increase is that g(x; f ) be the Gaussian. This is done when the monotonicity condition de ned by f xx > 0, is satis ed. In our case, the monotonicity condition of the curvature K( ) is K( ) f K( ) xx > 0: After simpli cation it can be rewritten as xx f ( xxxx ? 3 3 xx ) > 0: As it is known that the Gaussian is the only kernel for which second-order maxima and minima, respectively, decrease and increase when the scale f of the lter is increased, we can easily verify our stability condition on the second-order extremum of the signal. The term ( xxxx ? 3 3 xx ) on a maxima of is al- ways positive because the second derivative of a function is always negative and its fourth derivative is always positive. A maxima of creates a minima for xx and therefore, its derivative along f , xx f , is positive. The same reasoning for a minima of ensures the positive sign of this expression. As K( ) is stable on the second-order extremum, we can consider that, the zerocrossings of the curvature derivative, denoted K x ( ) = 0, de ning these extremum, is also stable in scale space.
Rectangular pro le ridge
Suppose the simple ridge model C(x) = A 0 H(x?x 0 )?A 1 H(x?x 1 ), where H is the unit Heaviside function (x 0 < x 1 ; A 0 ; A 1 2 R).
The smoothing signal and its curvature expressions are:
(1) where C x and C xx , the 1st and 2nd derivatives of the signal C(x; f ) and (x; f ) = R x ?1 g(t; f )dt. The behavior of the curvature expression in scale-space for a centered ridge (x 1 = ?x 0 and w = 2x 1 ), in the symmetric contrast case (A 0 = A 1 ) and non-symmetric contrast case (A 0 6 = A 1 ), are illustrated in the gures 1 and 2. In the symmetric case, we notice that the ridge point that we look for is always a local extremum of the curvature and is positioned in x = 0 for all values of the scale. However, because of the fact that the curvature minima in x = 0 is transformed to a curvature maxima, when the scale increases, it is then possible to nd an optimal scale for which the curvature value is maximum at this position. We study this proposition in the next paragraph and we will de ne an explicit expression linking the width of the ridge and scale parameter. Regarding the non-symmetric case, only the displacement of the zero-crossings must be considered. We also examine this aspect and estimate the displacements in the future paragraphs.
Symmetric case
As the ridge points correspond to the zero-crossings of the derivative of the curvature, it is necessary to examine the behavior of these zero-crossings in scalespace. For doing this, the f (x) function, de ning the scale-space of the curvature derivative zero-crossings, must be determined. The curvature derivative along x can be computed by K x = @K(x; f) @x = 0. As it is impossible to present the analytical function of the f (x) from K x (x; f ) = 0, for the non-linearity reasons, we proceed by the numerical method (soft-ware support Mathemetica) to trace the scale-space of the zerocrossings of the K x (x; f ). This is illustrated in the gure 3. Notice that the detector propose ve responses in ne scale and three for the scales greater than a certain scale that we call the optimal scale fopt . The idea to de ne an optimal scale is based on the maximization of the curvature in position x = 0 along f . In other word, the central zero-crossing is detected as an extrema of the curvature for all values of the scale. But it is not constantly a maxima of the curvature, it can be a minima for the smaller scales than fopt . The optimal scale according to a given width w, is the solution of the the curvature deriva- ) is always smaller than 15% of the ridge width w. This means that, even for a maximum non-symmetry, a good localization of the central zero-crossing is guaranteed if the scale is seted to the optimal scale of the symmetric case.
Other pro le ridge
We have also studied the behavior of the curvature and its derivative in scale-space for a roof: We can show that in this class of pro les, it is impossible to de ne the optimal scale because the central zero-crossing of the ridge is always detected as a maxima of the curvature (never as a minima). Moreover, our experimentations on the real data show that the behavior of the signal can be well approximated by the rectangular ridge models. This is why, we have chosen the rectangular pro le in our forthcoming developments. We can now describe the interval of the scales in which each element correspond to an optimal scale of a given width. It is true that in our study, we have not evaluated the noise e ects. As, it is analytically di cult to do, we proceed experimentally in 2D case of the noisy images.
Determination of the interval of the scales
The optimal scale of the width w is fopt = , where is a constant ( = 1 in a pixel precision process) and N p present the number of the pixel corresponding to the ridge width. In a pixel precision process, since the minimum width of the ridge is one pixel, the minimum scale can be computed by fopt j Np=1 = 1 2 p 3 = 0:29. But the Shannon theorem limits the scale parameter of the Gaussian lter. After this theorem, the lower band of the scale interval is min = 0:50 (cut-o frequency of the lter). The optimal scale for two pixels is fopt = 1 p 3 = 0:58. This means that we can determine the optimal scales for the widths greater or equal than 2 pixels. The lower band of the scale interval is then de ned by min = 0:58. We will see that the choice of the rst value of the scale for 2 pixels guarantees the one pixel width detection. According to this study, the scale variation can be seted to 4 f = ridge having a maximum value of the curvature. That is not the same in the di erent widths case. We need three scale values.
The next stage concerns to register the responses of the detector corresponding to central zero-crossing of each ridge. The use of the optimal scales removes two zero-crossings near to central zero-crossing of each ridge. A removing process is necessary to hold only the true responses of the detector.
Remove the false responses of the detector
Two information c ( i ) and g ( i ) can be used to register only the central zero-crossing of the ridges ( gure 6). To remove the curvature minima, the sign of the c ( i ) can be used. We register the responses of the detector for which the sign of the c ( i ) is negative. The nally stage consists to register the points where the rst derivative of the sig- In the next paragraph, we propose a fusion process to emerge these multi-scale information.
Fusion process
In an optimal scale i > min , even after removing process, we register not only the corresponding response to w i but also all the responses according to the widths smaller than w i 7(a)). Represent these zero-crossings in matrix form by Z wj i where i and j 2 f1; :::; N pmax g. The elements z wj i are seted to 1 if the detector propose a zero-crossing and 0 in contrary case. For w j w Npmax , the number of the zero-crossings proposed by detector in Z wj i , can be decreased using the important value of the curvature in ne scale. By de nition of the optimal scale, the value of the curvature decreases when i > j?1 for a given value of w j . De ning a relative curvature, = K(x; j? 1) K(x; i) , we register in Z wj i the elements of the Z wj i for which is greater that a given threshold Th. After thresholding stage the potential candidates are between j?1 and a scale de ned by , denoted Th i ( gure 7(b)). Notice that in this representation, we have not considered the displacements dues of the non-symmetric ridges. In practice, we consider a pixel neighborhood according to the maximum displacement (15% of the ridge width). In this case, the Z wj i and Z wj i will be built in a given neighborhood of the central zerocrossing of w j . The potential candidate (from z wj i to z wj Th i (i j?1)) that minimizes the displacement must be registered. The best localization-detection can be obtained when the position of the zero-crossing is determined by the medium scale med = j?1+ Th i 2 . In coarse scale, the displacement and the curvature value are weak. The nal zero-crossings are then selected by Z final = Z wj med 4 Multi-scale process in 2D case
In this section, we develop the multi-scale approach in 2D case, using the di erential properties of the image surface. The principal curvatures and principal directions of the image surface correspond, respectively, to the eigenvalues (k 1 and k 2 ) and the eigenvectors (t 1 andt 2 ) of the Weingarten endomorphism 13].
Since the maximum curvature of the image surface along its direction can be considered, in fact, as a 1D signal, all studied properties of the curvature behavior in 1D case are valided in 2D case. So, we can apply a 2D version of our 1D multi-scale approach on 2D images for extracting the di erent widths of the thin nets. Seeing that we detailed the di erent stages of the approach in 1D case, we explain here only the principal stages of its development in 2D case. We compute the maximum principal curvature with the Gaussian kernels of di erent scale parameters. We need also an elimination stage to remove the false responses of the detector. Therefore, the thin nets extraction process, can be done in three principal following stages: Detect the extrema of the maximum curvature for all optimal scales: DMC( i ) =rk max ( i ) :t max ( i ) = 0 Remove the false responses using the gradient zero-crossigns: Grad( i ) =rI( i ) :t max ( i ) = 0 Th Select only the points where the medium scale expression is veri ed (see section 3.3).
Applications
We apply the method on a synthetic image ( gure 8) representing the thin nets of di erent widths (one pixel to seven pixel). For making complicated noisy data, we have added a Gaussian noise, with standard deviation n = 10, to the thin nets image. First, we present the thin nets extraction using a mono-resolution method on the synthetic image ( gure 8(b)). We note that very ne or coarse structures have not a good detection because the scale is seted to = 1. To perfect this, the multi-scale process is done for four values of the optimal scale corresponding to one to seven pixels ( 1 = 0:58, 2 = 0:90, 3 = 1:50, 4 = 2:10). We present the nal result after fusion process in the gure 8(c).
The extraction of roads of di erent widths in satellite images is a good application to show the interest of our approach. The thin nets extraction using a mono-resolution of a SPOT image ( gure 9) of 20m resolution is illustrated in the gure 10. As this image shows, the very ne structures have not a good detection because the scale is seted to = 1. Using the multi-scale method for four optimal scales, one pixel to ve pixels corresponding to 1 = 0:58, 2 = 0:90, 3 = 1:20, and 4 = 1:50, the nal result after fusion process is presented in the gure 11.
Another important application of the multiscale method is blood vessels detection in medical images. Figure 12 is a DSA (Digital Substraction Angiography) image of the cerebral vessels. It comes from a time sequence of 19 images showing di erent phases of the contrast agent distribution in the vessel tree following a single bolus injection. We content to illustrate only the fusion precess output image for the same values of the scale in the gure 13. A detailed report of this work can be found in our Web-page: http://www.eerie.fr/ armande/publications.html.
Conclusion
We have proposed a new approach for extracting the thin nets having di erent widths in 2D grey-level images. We have shown that the extraction process of these structures, requires a multi-scale analysis of the image. To design the fusion process of the multi-scale information, we have studied the behavior of the curvature in scale space. The stability of the detector is veri ed and also an interval description of the scales is proposed. We have illustrated the e ciency of the method, in 2D case, by extracting roads and blood vessels of di erent widths on satellite and medical images. 
